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ORTHOGONAL DESIGNS III: v.'EIGHL"IG MATRICES 
Anthony V. Geramital and Jennifer Seberry Wallis 2 
ABSTRACT. A weighing matrix W - W(n,k) of order n and weight k 
is a square (O,l,-l)-matrix satisfying 
An orthogonal design of order n on a single variable is a 
weighing matrix and consequently the study of orthogonal designs 
is intimately connected with the study of weighing matrices. 
This paper reviews and updates the current status of the 
conjectures: 
I. Let n = 2 (mod 4). Then there exists a W(n,k) if and 
only if k < n - 1 is the sum of two integer squares; 
II. Let n = 0 (mod 4). Then there exists a W(n,k) for each 
k ~ n This conjecture has been verified for n = 28, 
2t +l , 2t +l ·3 and 2t~1.5, where is any positive 
integer; 
III. Let n _ 4 (mod 8). Then there exists an orthogonal design 
(1,1) for all k < n where k is the sum of three 
integer squares; 
IV. Let n = 0 (mod 8). Then there exists an orthogonal design 
(l,k) for all k < n 
for n 2t+2, 2t+2.3 
integer. 
This conjecture has been verified 
and 2t +2.5, where t is any positive 
V. Let n = 2 (mod 4). Then there exists an orthogonal design 
of type (l,k) in order n for all k < n - 1 such that 
k = a2, a an integer. 
1. Introduction. 
An orthogonal design of order n and type (sl,s2' ... 's~) 
(si > 0) on the commuting variables xl ,x2, ..• ,x2 is an nxn 
lThe work of this author was supported in part by the national Research 
Council of Canada under grant 8488. 
2Written while this author was visiting the Department of Mathematics, 
SUNY at Buffalo, New York. 
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matrix A with entries from {a,± xl' ••• '±x~} such that 
t 
AAt L (S.i)I 
i=l ~ ~ n 
Alternatively, the rows of A are formally orthogonal and each row has 
precisely si entries of the type ±x .• 
~ 
In [2], where this was first defined and many examples and 
properties of such designs were investigated, we mentioned that 
t 2 L(S.X.)I 
i=l ~ ~ n 
and so our alternative description of A applies equally well to the 
columns of A. He also showed in [2] that t ~ p(n), where p(n) 
(Radon's function) is defined by 
when 
d 
p(n) = 8c + 2 
n = 2
a
.b. b odd, a = 4c + d. a ~ d < 4 
In [2] we also showed that if there is an orthogonal design 
of order n and type (a,b) then 
(i) 
(ii) 
n = 2 (mod 4) b 2 ~- = c a for some rational integer c. 
b 
n = 4t, todd 9; is a sum of three rational integer squares. 
A weighing matrix of weight k and order n, is a square 
{a, I.-I} matrix. A. of order n satisfying 
AAt = kI 
n 
In [2] we showed that the existence of an orthogonal design 
of order n and type (sl, •.. ,St) is equivalent to the existence 
of weighing matrices Al, •..• A
t
, of order n. where Ai has 
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weight s. and the matrices, {A.}7 I' satisfy the matrix equation 
• ~ ~= 
in pairs. In particular, the existence of an orthogonal design 
of order n and type (l,k) is equivalent to the existence of 
a skew-symmetric weighing matrix of weight k and order n. 
It is conjectured that: 
(i) for n = 2 (mod 4) there is a weighing matrix of 
weight k and order n for every k < n - 1 which 
is the sum of two integer squares; 
(ii) for n = 0 (mod 4) there is a weighing matrix of 
weight k and order n for every k ~ n ; 
(iii) for n _ 4 (mod 8) there is a skew-symmetric 
weighinp. matrix of order n for every k < n, where 
k is the sum of ~ three squares of integers (equi-
valently, there is an orthogonal design of type (l,k) 
in order n for every k < n which is the sum of ~ 
three squares of integers. In other words, the 
necessary condition, given below in (iv), for the 
existence of an orthogonal design of type (l,k) in 
order n, n = 4 (mod 8) is also sufficient). 
(iv) for n = 0 (mod 8) there is a skew-symmetric weighing 
matrix of order n for every k < n (equivalently 
there is an orthogonal design of type (l,k) in 
order n for every k < n) . 
(v) for n _ 2 (mod 4) there is an orthogonal design of 
type (l,k) in order n for every k < n - 1 such 
that k is an integer square. 
Conjecture (ii) above is an extension of the Hadamard con-
jecture (i.e. for every n = 0 (mod 4) there is a {l,-l} matrix,H, 
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of order n satisfying HlIt n1n) while (iv) and (iii) generalize the 
conjecture that for every n _ 0 (mod 4) there is a Hadamard matrix, H, 
of order n, with the property that II I + S where S = _st . 
n 
Conjecture (ii) was established in [4] for n E {4,8,12, ... ,32,40} 
and in [1] for n = 2t. Conjecture (iii) was established in [2, Theorem 17] 
for n = 2t (t ~ 3). In [3] conjectures (iv) and (iii) (and as a 
consequence conjecture (ii» were established for n = 2t +l ·3, n = 2t +l .5, 
t a positive integer. Also in [3] it was shown that only k ~ in 
order 56 remain to be found and the conjectures will be settled for 
n = 2 t+ 1·7 . ~ Q ., t 
Let R be the back diagonal matrix. Then an orthogonal design 
or weighing matrix is said to be constructed from ~uo circulant matrices 
A and B if it is of the form 
[
A BR 1 
BR -A 
and to be of Goethals-Seidel type if it is of the form 
A BR CR DR 
-BR A DtR _CtR 
-CR _DtR A BtR 
-DR CtR _BtR A 
where A,B,C,D are circulant matrices. 
2. KnoUJn Results. 
!'ROPOSITION l. [2, Corollary to Construction 22]. If there is an 
orthogonal design of type (l,n in order n then there is an J 
orthogonal design of type (l,l,~,~) in order 2n and of type 
(l,l,2,~,~,2~) in order 4n 
COROLLARY 1. If there are orthogonal designs of type (l,k) 
15k 5 ~ in order n then there are orthogonal designs of type 
(I,m), 15m 5 2~ + 1 in order 2n. 
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COROLLARY 2. If there are orthogonal designs of type (l,k), 
1 ,; k ,; n - 1 in order n then there are orthogonal designs of 
type (l.m), 1 ,; m ,; 2tn - 1 in order 2t n, t a positive integer. 
PROPOSITIO!'! 2. .The.Y'e exist orthogonal designs of' type (l,k) 
order 8n where 
(i) n 2: 3, k E {l, ... ,19} 
(ii) n = 4, k E n, ... ,31} 
(iii) n = 5, k E n, ... ,39} 
(iv) n 2: 6, k E {l, ... ,45} : ~" : 
PROPOSITION 3. T,et n = 2t+2 ·s. t 2: o. s E {l.3.5}. ':'hen 
(i) ~;here is a IHn. k) for aU k ,; n ; 
(ii) if t 2: 1 there is a skew-symmetric W(n.k) 
aU k < n 
(iii) if t 2: 1 there is an orthO(1Onal design (l,k) 
aU k < n. 
PROPOSITION 4. ';"i;;ere exists an orthogonal design (1. k) in 
orile<" n 1,)he1"o 
(i) n=28. 
(ii) n = 56, 
k E {x: x # 7,15,23. ° ~ x ~ 27} 
k E {x: x # 46,47. ° ,; x ~ 55} . 
PROPOSITION 5. If n is oao there are O1'thogonal iesigns of 
order 4n and type (l,k) when 
(i) n 2: 3, k E {I, ... 6,8, ... ,11} 
(ii) n 2: 5, k t: {I, ... 6, 8, ... ,14,16, In 






(iv) n 2 9, 1: E {1, ..• 6,8, ... ,14,16,17,18,20,21,24,32.33} 
(v) n 2: 11, k E {1, ... 6,8, •.. ,14,16, •.. 21,24,32,33} 
Note: These sets will be amended in this paper. 
PROPOSITION 6. [5, p. 294]. A vICn.k) can only exist for n - 2 
(mod 4) where k is the sum of two integer squares. 
COROLLARY. For n = 2 (mod 4) a W(n,k) can only exist for 
k E {O,1,2,4,5,8,9,10.13,16,17,18.20,25.26,29.32,34,36,37.40,41 
45,49.50, •.. } • 
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PROPOSITION 7. If n is odd and there exist H(Zn,k) and H(Zn,R,) 
constructed from circulant matrices then there exists a W(4n,k + t) 
constructed using four circulant matrices in the Goethals-Seidel array. 
PROPOSITION 8. If there exist a W(n,k) and a W(m,k) there exists 
a W(m + n,k) • 
PROPOSITION 9. There exists a W(Zn,k), constructed using two circu-
lant matrices, for k E {O,1,Z,4,5} in every order Zn, n(odd) ~ 3 . 
3. Golay Sequences and Orthogonal Designs. 
Let X = {[a11,···,a1nl, [aZ1, ••• ,aZnl, ... ,[aml, ... ,amn]} 
be m sequences of integers of length n. --Definition. (1) The non-periodic auto-correlation function of the 
family of sequences X (denoted NX) is a function from the set of 
integers {l,Z, ..• ,n - 1} to Z (the integers) where 
n-j 
~(j) 1:: (a l .al .+. +a2 .a2 i+· + ••. +a i a i+J·) i=l ,~ ,~J ,~, J m, m, 
Note that if the following collection of m matrices of order n 
is formed 
all a 12 
a ln 






all al,n-l a Zl a 2 ,n-l 







, , , , , 
all a 2l am! 
then NX(j) is simply the sum of the inner products of rows 1 and 
j + 1 of these matrices. 
- 214 -
(2) The periodic auto-correlation function of the family of 
sequences X (denoted P
X
) is a function from the set of integers 





where we assume the second subscript is actually chosen from the complete 
set of residues mod(n), {1,2, ..• ,n} 
We can interpret the function P
x 
in the following way: 
Form the m circulant matrices which have first rows respectively, 
[all a12···alnl, [a2l a22···a2nl, ..• ,[aml am2 ••·
amnl, then Px(j) is 
the sum of the inner products of rows 1 ar.d j + I of these matrices. 
PROPOSITION 10. [,et X be a family of sequences as above, then 
l, ... ,n - 1 
COROLLARY. If Nx(j) = 0 for aU j l, ••. ,n-l then Px(j) o for 
all j = l, ..• ,n - 1 
Note: Px(j) may equal 0 for all j l, ••• ,n - 1 even though the 
NX(j) are not. 
DerZnition. If X = {{al ,· •• ,an}' {b l , ... ,bn }} are two sequences 
where ai,b j E a,-I} and Ux(j) = 0 for j = l, ..• ,n - 1 then 
the sequences in X are called Golay complementary sequences 
of length n. 
~--.--
C" ___________________ --
We note that if X is as above and A is the circulant 
formed by {al, .•. ,a
n




Consequently, such matrices may be used in the Goethals-Seidel 
array to obtain Hadamard matrices. 
Example. X = {{l,-l}, {I, I}} are Golay complementary sequences 
of length 2. 
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By results of R. J. Turyn, r,olay complementary sequences 
exist having length r for 
non-negative integers. 
Since our interest is in orthogonal designs we shall not be 
restricted to sequences with entries only ±l but shall allow 
O's also. One very simple remark is in order. If we have a 
collection of sequences. X. (each having length n) such that 
~X(j) = 0 • j = l •.••• n - 1. then we may au~ent each sequence 
at the beginning with k zeros and at the end with ~ zeros 
so that the resulting collection. (say X). of sequences havin~ 
length k + n + ~ still has Nx(j) = 0 • j = l •...• k+n+~-l 
More interesting is the following result of Turyn. 
PROPOSITION 11. Let X {{al ••..• an }. {bl •.•.• bn }} be Golay 
complementary sequences. Then the sequences in 
satisfy 
(i) }'x' (j) = o. 1 <; j <; n - 1 
(ii) exactly half of the a.+ 
l. 
b. are equal to 0 and 
l. 
exactly half of the a.- b. equal o. 
l. l. 
Thus. if we let X = {gr.hr} represent Golay complementary 
sequences of length r. we obtain a new pair of sequences of 
length r. which we donote g~.h~ each having exactly r/2 
non-zero members which can be chosen from {I.-I} and such that 
if X' = {g~,h~} then >IX' (j) = 0, 1 <; j :; r - 1 
One more piece of notation is in order. If denotes a 
sequence of integers of length r then by xgr 
we mean 
sequence of length r obtained from gr by multiplying each 
member of gr by x 
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PROPOSITION 12. Let r be any number of the form 2
a
'10b '26c 
(a,b,c) non-negative integers and let n be any odd integer ~ r. 
Then there exist orthogonal designs of order 4n and types 
(i) (1,1,2r) and (l,l,r) 
(ii) (1,4,r) and (1,4,2r) 
PROPOSITIO~ 13. Let r be as in Proposition 12 and n be any 
integer ~ r. Then there exist \1(2n,r) and H(2n,2r) con-
structed from circulant matrices. 
4. Some -""ore Results. 
LEMMA 1. There exist orthogonal designs in every order 4n, 
n odd, as fo l lows 
(i) of type (1,25) for n (odd) O!! 9 ; 
(ii) of type (1,1,40) for n (odd) ~ 11; 
(iii) of type (1,22) for n (odd) 2: 7 
(iv) of type (1,1:32) for n (odd) 2: 9 
(v) of type (1,24) for n (odd) 2: 7 
(vi) of type (1,1,1,16) for n (odd) ~ 7 
(vii) of type (1,1,13) for n (odd) 2:11 
(viii) of type (1,1,26) for n (odd) 2: 15 
(ix) of type (1,34) for n (odd) 2: 11 
Proof. Use the following four first rows to form circulant 
matrices which are then used in the ~oethals-Seidel arrav. Use 
o for a sequence of all zeros (its length is given in hrackets). 
Use 
- 217 -
















- x2x200000} ; 
(ii) (~(n - 11», (x1Q - x3x 3x 3x 3 - x3x 3 - x3 - x3 - x::,x3Q, 
x2Qx3 - x3 - x3x 3 - x3x 3 - x3x3x 3 - x3Q , 
OQx3 - x3 - x3x 3x 3x3x 3 - x3 - x 3x 3Q, 
OQ - x3x3x3x3x3x3x3x3x3 - x 3Q} ; 














00Qx2x 2x 2 - x 2x 2Q, OOQx2x 2x 2 - x 2x2Q} 
The proof of (iv), (v), (vi) is given in [3J. 
(vii) (-~(n - 11», (xIQOOOOOOOOOO~ y.2QOOOOOOOOOOOQ , 
X'3x 3X30 - x 3x3x 30 - x3










(vi.ii) (~(n - 15», [x1QOOOOOOOOOOOOOOOQ, x
2
Q000000000()1)()I)OOQ, 
x3x 3x3 - x3 - x3x 3x3x 3 - x3x3 - x3 - x30 - x30QQ, 
x3x3x 3x 3 - x3x 3x 3 - x3 - x3x3 - x3x3 OX3 OOO} 
(ix) (%(n - 11», [Qx2 0 - x20 - x2xlx20x20x2Q, 
Qx2 OxZO - x 20 - x20x20x2Q , 
Qx2x2x 2x 2 - x 2x2x 2x 2 - Y.2x2 - x 2Q , 
Qx2x 2x 2 - x 2 - x 2x 2x2 - x2 - x 2x2 - x 2
Q }. 








}} be two sequences 
of 0,1,-1, with total weight r (i.e. non-zero e?ementsJ, such that 
Nx(j) = 0. Then 




ha:ve ~1y (j) = o. Pul'thermore with 0 the lz (t - 2n - 1) 
sequence of all zeros (t(odd) ~ 2n) , the following four sequences 
may be used to generate circulant matrices which when used in 
the Goethals-Seidel array give an orthogonal design (1,1,4r) in 
every order 4t: 
LEMMA 3. There exists a W(2n, 10) constructed from circulant 
matrices for every n ~ 6 It uses the sequences 
x {{lOl--lQ}, {lOlll-Q}} 
which have ~x(j) = 0 (Q is a sequence of n - 6 zeros). 
LE.."IMA 4. Suppose A and II are circu lan t matrices from which 
a W(2n,k) may be constructed. Then if the number of zeros in 





A is > 0 there exists a \,)(4n,2k + 2) ; -
A is > 0 and B is > 0 there exists a 
H(4n,2k + 4) ; 
A is ~ 2 and B is ~ 2 in the (i,i) and 
(i,i + j) positions (possibly a:"ter permuting) then 
there exists a \J(4n,2k + 8) 
A is > 2 and B is > 2 in the (i, i), (i,i + j), 
(i,i + 2j) positions (possibly after permuting) then 
there exists a ~(4n,2k + 10) . 
Proof· Circulate the first row of A and B (if possible) to 
form matrices A' and ", ) with zero diagonal. Now using the 
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following matrices in t~e Goethals-Seidel array we get the result. 
(i) A'+I,A'-I,B',B' ; 
(ii) A'+I, A' -I, B'+I, B'-1 
(iii) A+Ti+Ti+j, A_Ti_T
i + j , B+Ti_Ti+j, B_Ti+Ti+j 
(iv) 
i i+2j A Ti Ti+2j B + Ti + Ti+j _ Ti+2j A +T +T , - -, , 
B _ Ti _ Ti + j +Ti+2j 
where T
i
+k is the circulant matrix with l's in the positions 
(i,i + k), 1 ~ i ~ n, and zeros elsewhere. 
LEMMA 5. If there exists a circulant W(n,k) [and necessarily 
(n - k) 
2 
- (n - k) + 2 > n} then there exist 
(i) W(2n,£') fol' £, E [2k,2k +2} ; 
(ii) W(4n,1.) for 1. E [2k, 2k + 1, 2k + 2, 2k + 3, 2k + 4, 2k + 6 } 
(iii) W(4n,.£) for .£ E [3k, 3k + 1, 3k + 2, 3k + 3 } 
(iv) W(4n,£') for .£ E [4k,4k+2,4k+4,4k+8} 
(among others), all constructed using four circulant matrices 
in the Goethals-Seidel array. 
Proof. Along the lines of the proof of Lemma 4. 
LEMMA 6. Sup"[ose A,B,C,D are circulant matrices from ;,)hich a 
W(4n,k) may be constructed. Further suppose A + C, A - C, B + D, 
B - D are also (O,l,-l)-matrices. Then A + C, A - C, B + D, B - T) 
may be used in the Goethals-Seidel array to form a Vl(4n,2k) . 
5. Updating the rveighing Matrix Result.'!. 
LEMMA 7. There exist a F(18,k) for k E {0,1,2,4,S,8,10,13,16,ln 
All but W(l8,13) are constructed from circulant matrices. The 
only undedded case is VI(l8,9) . 
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Proof. The existence of a ,-J(18,k) for k E {O,1,2,4,S,8,10,16} 
constructed from circulant matrices is established by Propositions 
9 and 10, and Lemma 3. 
Let C [





0 0 11 
010 
1 0 0 
, A IxJ 
+ (J - I) XC, 
B CXC+RX (J-I) , then 
is a W(18,l3) • 
A ,;(18, 17) constructed from circulant matrices may be obtained 
by circulating the following first ~ows: 
1--1111--, 0-1----1-
LT<;MMA 8. There exists a H(36,k) for k E {x: x ! 31, ° :0 x :0 36}. 
All but ;J(36,9-),Z E {29} are constl'Ucted using ,"our circulant 
matrices in the Goethals-Seidel arr~. 
Proof. The existence of H(36,k) for k E {O,1,2, .•. ,21,22,24, 
2S,26,27,32,33,34} C()'lJr_rUC~e'" using four ci.rcul'lnt matrices in 
the Goet1-ja1-Seidel array follows from Proposition 8 and Lemma 7. 
The W(36,Z) for Z E {23,28,30,3S,36} may be constructed from 
the Goethals-Seidel array by circulating the following first four rows: 
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23: 101l-1--0, 0001--1l1, 00001l1-1, 000011l-1 
28: 101l01--1, -0-101--1, 10-1011l-, -01l0111-
30: 101101--1, -0-101--1, 1l-101l1- , --110111-
35: 01l1-1---, 1l-1--1-1, 1---1l---, 1l1-11-11 
36: 11l1-1---, 1l-1--1-1, 1---1l---, 1l1-1l-11 . 
There is an orthogonal design (1,5,6) in order 12. If the 
variables are replaced by the matrices 
respectively, we get a W(36,29) • 
LEMMA 9. There exists a W(22,k) for k € {O,l,2,4,5,8,9,10,13, 
16,17,20} All but W(22,9) ~ constructed from circulant 
matrices. The only undecided case is \.,(22,18) . 
Proof. The existence of a H(22,k) for k € {O,l,2,4,5,8,10,16,20} 
constructed from circulant matrices is established by Propositions 
9 and 13. 
A W(22,13) and W(22,17) constructed from circulant matrices 




W(12,9) @ 101(10,9) and hence W(22,9) exists. 
LEMMA 10. There exists a H(44,k) for k € {x: x i 31, 0 5 x 5 44} 
All are constructed using four circulant matrices in the rroethals-
Seide l array. 
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Proof. The existence of H(44,k) for k E: {0,1,2, •.. ,29,30,32, 
33,34,36,37,40} constructed using four circulant matrices in 
the Goethals-Seidel array follows from Proposition 8 and Lemma 9. 
He may use the W(22,20) in Lemma 4 to get the four circulant 
Matrices which give H(44,42) and W(44,44). 
A 1-1(44,41) and W(44,43) may be obtained from the circu-
lant matrices with the fo11owinr, first rows: 
0-111-1---1,11--1-1-11-, 01--1111--1, 0-11111111- ; 
01-1--11-1-, 1111----111, 1-111--111-, 1---1--1--- . 
Let X,Y,Z,W be the circulant matrices with the following 
first rows, respectively 
using 
01011100010, 01-111---1-, -1011100010, 00100000000 • 
Then a W(44,38), W(44,39) and W(44,35) can be constructed 
X+I, Y+I, Y+I, Y , 
X+I, Y+I,_ Y+I, Y+I 
al1<i Z+W,Z-W,Y+I,Y 
respectively, in the Goethals-Seidel array. 
LEMMA 11. There exists a W(26,k) for k E: {0,1,2,4,S,8,9,10, 
13,16,18,20,25}. All are constructed from circulant matrices. 
The only undecided case is 11(26,17) 
Proof. The existence of a 1I(26,k) for k E {0,1,2,4,5,8,10,16,20} 
constructed from circulant matrices is established by Propositions 
9 and 13. 




B (see [3]), it has 
Hence there exists a 'l-T(26,9) and a W(26,18) constructed from 
circulant matrices. 
The H(26,13) and W(26,25) may be obtained by using the 
circulant matrices with the fo11owinp, first rows: 
1110-110-1-00, 101000-000100 
01---1--1---1, 1-11------11-
LEMMA 12. There exists a 1~(52,k) for k E {x: x # 37,46,47,49, 
o s x s 52}. All are constructed from four circulant matrices 
using the Goethals-Seidel arr~. 
Proof· The existence of W(52,k) for k E {0,1,2, ..• ,35,36,38, 
40,41,43,45,50} constructed using four circulant matrices in the 
Goethals-Seidel array follows from Droposition 8 and LemMa 11. 
Use Lenma 4 and the W(26,20) to obtain the 11(52,42) and 
W(52,44) • 
The W(52,39), W(52,48), 11(52,51) and ~l(52,42) may be 
obtained, respectively, from the circulant matrices with the 
following first rows: 
39: 1--111111-1-1, 100--01-1-000, 1110-1-0010-1, 01111-010--1-
48: 01---1--1---1, 0-11------11-, 0---1-11-1---, 01-11----11-1 
51: 01-1---111-1-, 1---111111---, 11-1--11--1-1, 1----1--1----
52: 11-1---111-1-, 1---111111---, 11-1--11--1-1, 1----1--1----
LEMMA 13. (see [3]). There exists an orthogonal design (1,k) 
in order 56 for k # 46,47, 0 s k s 55 
COROLLARY 14. (see [3]). There exists a l-i(56,k) for 
k E {x: x # 47, 0 S x S 56}. [The H(56,48) may be constructed 
by circulating the foll~)ing first r~s: 11-1--11--1100, 
11-1----11--00, 111-1-1-111100, 111-1--1----00] . 
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LEMMA 15. There exists a H(30,k) for k E {Q,1,2,4,5,8,9,10, 
13,16,20,25,26,29}. AU but W(30,9) and H(30,25) are 
constructed from drculant matrices. The only undecided case is 
H(30, 18). 
Proof. The existence of a 1.(30, k) for the k of the enunciation 
with the exception of k = 9,13,25,26 and 29 is given by Propositions 
9 and 13. 
The '1(30,13), W(30,26) and W(30,29) can be constructed 
using the following first rows 
1110-110-1-0000,101000-00010000 
111--111-1--0-0, 1111-11--1-1010 
011--1----1--11, 1-1----11----1- • 






a W(30,25) • 
01--1, -1111 , 
[
B C ] is a W(10,9) and D8:l Dr.tl D is a 
Ct _B t 









LEMMA 16. There exists a 1I(60,k) for k. E {x: x 'f 51,53, ° ,,; x ,,; 60}. 
AU but H(60,-t) for -t E {l9,35,38,41,43,47,50,5]} are constructed 
from circulant matrices. 
Proof. The existence of W(60,k) for k E {x: ° ,,; x ,,; 18, 
20,2l, ..• ,33,34,36,37,39,40,45,46,49,52,55,58} constructed 
from circulant matrices using the Goethals-Seidel array follows 
from Proposition 8 and Leflffia 15. 
The W(60,-t) for -t E {48,59,60} may be obtained by construct-
ing circulant matrices with the fol10winr, first rows: 
48: 11-1--11--11000, 11-1----11--000,111-1-1-1111000, 
111-1--1----000; 
59: 01111-1-1-1----, 1~--11-11-11---, 111--1-11-1--11, 
111-111--111-11; 
60: as for 59 but replace the zeros in the first matrix by l's 
1-l(60,9-) 1-1(32,9-) 8H(28,9-) so H(60,9-) exists for 9- E {l9} 
W(60,42), W(60,44), H(60,54) and W(60,56) constructed using the 
Goethals-Seidel array may be obtained by using the ;1(3Q,26) and 
H (30,20) 0 f Lemma 15 with Lemma 4. 
W(lO,9) XW(6,5) '" W(60,45) and 
W(2,2) X w(30,25) '" W(60,50) , 
so the w(60,45) and W(60,50) exist. See the proof of 
Lemma 15 for the existence of H(10,9), 'N(6,5) and 
H(2,2) = 
We define the circulant symmetric (O,l,-l)-matrices ~,E,C, 
I,J,K, each of order 5, by defining their first rows: 
01111, 01--1, 1-11-, 10000, 11111, -1111 . 
We also define the back-circulant (O,l,-l)-matrix, ry, of order 




XyT = yxT for X,y E {A,B,C,~,I,J,K} 
We note the orthogonal designs (2,3,6), (2,4,4), (1,1,8), 
(1,3,6), (2,5,5), (1,1,5,5), (3,3,6) all exist in order 12. 
Hence the following weighing matrices may be constructed bv rep1acin~ 
the variables of the orthogonal design by the matrices indicated: 
W(60,35} use A,I,B in the (2,3,6) orthogonal design; 
W(60,38) use I,B,K in the (2,4,4) orthogonal design; 
W(60,41) use A,J,B in the (1,1,8) orthogonal design; 
W(60,43) use A,K,B in the (1,3,6) orthogonal design; 
W(60,47) use I,K,B in the (2,5,5) ort!logona 1 design; 
W(60,57) use D,C,K in the (3,3,6) orthogonal design. 
6. Orthogonal Designs (l,k) 
LEMMA 17. There exists an orthogonal design (l,k) in order 36 
for k E {x: x is the sum of three integer squares, 
x '" 19,30,34, ° s; x s; 36} . 
Proof· In [3] it is shown there exists a (l,k) in every order 
4n, n <: 6 for k E {I, ... ,6,8, ..• ,12,16,17 ,20} . 
It is proved in this paper that there exists a (1,18), 
(1,22), (1,24), (1,25), (1,32) and (1,33) in every order 4n, 
n(odd) <: 9 
Now if there exists B Vl(2n,k) then 
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is an orthogonal design (l,k) in order 4n. There exists a 
1~(18,13) so there is a (1,13) in order 36. 
Skew-symmetric v1(36, k) may be constructed using the circulant 







00001-000, 000011000, 1--101000, 10111-000 
00001-000, 000011000, 1--1111--, 0-1----1-
0111-1---, 11-1--1-1, 1---11---, 111-11-11 
Hence there exist orthogonal designs (1,14), (1,21) and (1,35) 
in order 36. 
Now the following orthogonal designs exist in order 12 (see 
[2]) (1,2,3,6), (1,1,4,4) and (1,1,5,5) . 
Then 
Let I,O,A,B,C,J,R be the following matrices respectively: 
[ : ~ l [: ::] [: ~ l [: :~] ~ ~ : ] 
~ : j [~:~] 
MNt = NMt for M,~ E {I,O,A,B,CR,(C ± I)R,J} 
The following orthogonal designs (l,k) may be constructed by 
replacing the variables of the orthogonal designs specified by 
the matrices indicated: 
for (1,26) use xII, x2I, x2A, x2B in the (1,1,5,5) 
ortho-
gonal design; 
for (1,27) use xII, x2J, x2I, x2B in the (1,2,3,6) 
ortho-
gonal design; 
for (1,29) use (xII +x2C)R, x2A, x2A, x2B in the (1,1,5,5) 
orthogonal design. 
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LEMMA 18. There exists an orthogonal design 
for k E {X:X I 31,46,47,56,60,61,62,63,68, 
(l,k) in order 72 
o ,0; x ,0; 7l} . 
Proof. He know that the exis tence of a (1, k) in order n 
means there is a (l,l,k,k) in order 2n. Hence by the results 
of the previous lemma we have a design (l,k) in order 72 for 
k E {1-14,16-29,32-37,40-4S,48-SS,S8,S9,64-67,70,7l} . 
He recall (from the previous lemma) that if there exists a 
H(2n,k) there exists an orthogonal design (l,k) in order 4n. 
tlowa W(36,lS), \<7(36,30) exist so we have a (l,lS) and (1,30) 
in order 72. 
Let L,M be the matrices with first rows 00001-000 and 
000011000 . 
now there exists a W(36,36) constructed from four circulant 
symmetric matrices of order 9 (see [S, p. 388]). Call these 
matrices A,B,C,D. There exists a H(36,3S) (see the previous lemma) 
constructed of one skew-symmetric and three synnnetric circulant 
matrices of order 9. Call these matrices X,Y,Z,W respectively. 
Finally there exists a W(18,17) (see Lemma 7) constructed of two 
circulant symmetric matrices of order 9. Call these matrices P and O. 
The following orthogonal designs may be constructed by 
replacing the variables of the orthogonal design (1,1,1,1,1,1,1,1) 
of order 8 by the matrices specified (R, as defined previously, 
is the back-diagonal matrix): 
(1,1,1,1,36) use xlI,x2I,x3I,x4I,xSA,xSR,xSC,xSD 
(1,4,17,36) use (xlI+x2L)R,x2M,x3P,x3~,x4A,x4B,x4C,x4D 
(1,17,17,3S) use (xlI+x4X)R,x2,P,x2Q,x3~,x3Q,X4y,X4Z,X4W . 
Hence we have a (1,38), (1,39), (1,57) and (1,69) in 
order 72. 
COROLLARY. There exists a W(72,k) tor k E {x: xi 47,61,63, 
o ,0; x ,0; 72} 
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Proof· The existence of (l,k) in order 72 as stated in Lemma 
20 gives us the result for all k except {47,6l,62,63} 
We note that if A is a W(n,~) (rearranged so it has zero 
diagonal) then 
is a \,(2n,2H2) . 
Hence since there exists a W(36,30) we obtain a H(72,62) 
and the corollary. 
LEMMA 19. There exists an orthogonaZ design (l,k) in order 
44 for k E{X: x is the sum of three integer squares, x # 30, 
42, 0 :> x :> 43} 
Proof· There exist orthogonal desi~ns (l,k) in order 20 for 
k E {x: x # 7,15, 0 :> x :> 19} and in order 24 for 
k E {x: 0 :> x :> 23} so there exist orthogonal designs (l,k) in 
order 44 for k E {x: x # 7,15, 0 :> x :> 19} (see [3]) . 
It is proved in [3] that a (1,20), (1,21) and (1,24) 
exist in every order 4n, n(odd) ~ll and earlier in this 
paper that a (1,25), (1,22), (1,40) and (1,41) exist in every 
order 4n, n (odd) ~ll. 
Let A,B,I,T be the circulant matrices of order 11 with 
the following first rows: 
01011100010, 01-111---1-, 10000000000, 00100000000. 
Now we can get the orthogonal designs indicated below by using 
the specified circulant matrices in the Goethals-Seidel array 
(0 is the zero matrix of order II, W(22,k) indicates the two 
circulant matrices which may be used to form this weighing 
matrix) : 
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Now the following orthogonal deaigns exist in order 12 
(see [2]) (1,2,3,6), (1,1,4,4), (1,1,5,5). 
Let I,L,B,K,Y be the circulant symmetric matrices w-ith 
first rows 
10000, 01111, 01--1, -1111, 00110 
and let X be the back circulant matrix with. first row 
Then 
MNt = l'lMt for M,n E {I,L,B,K,X,Y} . 
The following orthogonal designs (l,k) may be constructed by replacing 
the variables of the orthogonal designs, specified by the matrices indic-
ated (0 is the zero matrix of order 5) 
(1,32) use xII, x2L, 0, x2B in the (1,2,3,6) orthogonal design; 
(1,35) use xII, x2L, x2I, x2B in the (1,2,3,6) orthogonal 
design; 
(1,36 ) use XII, 0, x2K, x2B in the (1,1,4,4) orthogonal 
design; 
(1,37) use Xl I, x2I, x2K, x 2B in the (1,1,4,4) orthogonal 
design; 
(1,45) use XII, 0, x2K, x2B in the (1,1,5,5) orthogonal 
design; 
(1,46) use XII, x2I, x2K, x2B in the (1,1,5,5) orthogonal 
design; 
(1,49) use X, x2 Y, x2K, x2B in the (1,1,5,5) orthogonal 
design. 
Th.e design (1,59) may be constructed by using the cir-
culant matrices with the following first rows in the Goethals-Seidel 
array to give a skew-symmetric W(60,59): 
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for (1,26) use x1I+x2B, x2A, x2 (B + I), 
o ; 
for (1,27) use xl I +x2B, x2A, x2 (B + I), 
x2I 
for (1,29) use xII +X2B, x2 (A - I), 
x2W(22, 13) 
for (1,32) use x11+X2B, x2 (A - I), 
x2B,x2 (A - I) 
for (1,33) use x1I+x2B, x2 (A - I), 
x2W(22,17) ; 
for (1,34 ) use x11+x2B, x2 (A - I +T), x2 (A - I - T), 
x2B ; 




for (1,36) use x 11+x2B, x2 (A + I) , x2B, 
x2B ; 
for (1,37) use x11+x2B, 
x2 (A + I), x2B, 
x2 (B +1) 
for (1,38) use x1I+x2B, 
x
2 
(A + I), x2 
(B + I), x2 (B + I) 
The design (1,43) may be constructed by using the circulant 
matrices with the following first rows in the Goethals-Seidel array 
to give a skew-symmetric W(44,43) 
01-1--11-1-, 1111----111, 1-111--111-, 1---1--1--- . 
LEl-1MA 20. There exists an orthogonal design (l,k) in order 60 
for it E {l, ... ,6,8, •.. ,14,16, ..• ,22,24, ... ,27,29,30,32, ... 
... ,37,40,41,45,46,49,59} . 
Proof. There exists an orthogonal design (l,k) for 
k E {x: x # 7,15,23, 0 ~ x ~ 27} in order 28 and 
k E {x: 0 ~ x ~ 31} in order 32 thus a (l,k) exists for 
k E {x: x # 7,15,23, 0 ~ x ~ 27} in order 60. 
:low there exists a W(30,29) constructed from two circulant 
matrices so there exist a (1,1,29) and (1,4,29) in order 60. 
These give (1,29), (1,30) and (1,33) . 
HOe have shown in this paper that there are designs (1,1,40) 
and (1,34) in every order 4n, n(odd) ~ 11, thus we have a 
(1,34), (1,40) and (1,41) 
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01111-1-1-1----, 1---11-11-11---, 111--1-11-1--11, 
111-111--111-11 • 
7. Summary. 
Using all means available we have (at least): 
Summary 1. If n is odd there are orthogonal designs of order 
4n and type (l,k) when 
(i) n ~ 3, k E {1, ••• ,6,8, ••• ,11) ; 
(ii) n ~ 5, k E {1, ••• ,6,8, ••• ,14,16,17,18} 
(iii) n ~ 7, k E {1, ••• ,6,8, ••• ,14,16,17,18,20,21,22,24, 
••• ,27} ; 
(iv) n ~ 9, k E {1, ••• ,6,8, ••• ,14,16,17,18,20,21,22,24, 
••• ,27,29,32,33} ; 
(v) n ~ 11, k E {1, ••• ,6,8, ••• ,14,16, .•• ,22,24, ••• ,27, 
29,32,33,34,40,41} ; 
(vi) n ~ 13, k E {1, ••• ,6,8, ••• ,14,16, •.• ,22,24, ••• ,27, 
29,30,32,33,34,40,41} ; 
Summary 2. TI,ere are orthogonal designs of order 8n and type 
(l,k) where 
(i) n = 3,4,5 or 6, k E p, ... ,8n-l} 
(ii) n ~ 7, k E [1, ••• ,4S} • 
Finally we tabulate the unresolved cases in the conjectures 
I,II,III,IV,V of the abstract. 
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Applicable Unresolved Applicable Unresolved 
Order Conjecture cases Conjecture Cases 
4 II true III true 
8 II true IV true 
12 II true III true 
16 II true IV true 
20 II true III true 
24 II true IV true 
28 II true III true 
32 II t:::'''e IV true 
36 II ~ III 19,30~ 
40 II true IV true 
44 II )' III 30,;f5. 
48 II true IV true 
52 II )(,46,47,49 III 35-38,42-46, 
48-50~ 
56 II X IV ~, 
60 II ~ III 38,42,43, 
44,48,50-54, 
56-58 
64 II true IV true 
72 II ;il,IK,~ IV lO,,.~,lI5iZ~ 
60 fi~,e80 
80 II true IV true 
Table 1 
True signifies the conjecture is verified. 
i I '-
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o I \ \ 
I..t <"I 'il '2 
-~ r;-- .-'3 
1- - I 
Applicable Unresolved Applicable Unresolved 
Order Conjecture Cases Conjecture Cased 
2 I true V true 
6 I true V true 
10 I true V true 
14 I true V true 
18 I 9 V 9,16 
22 I 1i, V 9 
26 I '~ V ,~ 
30 I 18 V 16,25 
Table 2 
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